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THE CHARACTERISATION OF VAN KAMPEN-FLORES COMPLEXES
BY MEANS OF SYSTEM OF DIOPANTINE EQUATIONS

F. Luca, W.P. Odyniec

In 1967, V.Rokhlin asked to describe all the t-dimensional pairs of
Van Kampen-Flores complexes having the same homology groups.In
this paper we give a complete characterization of such KF-complexes.

Let C2 ., be the n-dimensional skeleton (the complete n-complex) of the 2n +
2-dimensional simplex.
Denote by "v" the join of two topological spaces X and Y, that is,
XY =(KX x¥)U(X xKY), where KX =(X x [01])/{(x.1) = (x1)} is the
cone on X and KY is the cone on Y.
Denote by B(p,....,p,) the join of complexes of the form
r-1 .
B(pyp,) =Y, ¥ Cass: ey
where p; are non-negative integers for7 =1, ., 1, with p, > 0 and ’ )
k:(zipi)—l 3 - (2)
, i=l T
is the dimension of B(p;,...,P,)-
~ We refer to the complex B* of the form (1) as a Van Kampen-Flores complex,

or KF-complex. In 1932-1933 Van Kampen and Flores gave two examples of
n-dimensional polyhedra which are not embeddable in R* (see [1]-[3]). More
 precisely, B(n+1) was an example of Flores and B(0,...,0,n) was an exam-
ple of Van Kampen. For n = 1, a Theorem of Kuratowski (see [3]) shows also
that the two KF-complexes B(2) and B(0, 1) are the minimal topological non-

homeomorphic polyhedra which are not embeddable in R’ So far, no generali-
zation for n > 2 of the above result of Kuratowski has been given. In particular,
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we do not know if the #n-dimensional KF-complexes are the only minimal topo-
logical polyhedra of dimension n which are not embeddable in R

In 1966, V. Rokhlin conjectured that if B(py, ..., p») and B(q, ..., g,) are ho-
meomorphic then n = » and p; = ¢, for i = 1, ..., n. The above conjecture has
not yet been settled.

It is well-known that if two n-dimensional polyhedra are homeomorphic, then
they have the same homology groups. The KF-complex has the property that
B(py, ..., pn) is homotopically equivalent to a r~dimensional buquet of spheres

where £ = Z:’

=1
understand when two KF-complexes have the same homology groups. In [8],
one of us found that even for the dimension k¥ = 16 one can find two different

KF-complexes B* (p,---»p,) and B*(q,,...,g,) with » < n which have the

same topological type. In 1967, V. Rokhlin asked to describe all the #-
dimensional pairs of KF-complexes having the same homology groups. Since

the rank of the homology group of B(p,....,p,) is H;(zi,-)l’-, Rokhlin's

question is equivalent to finding natural numbers e N such that

ip,—1. In an attempt to prove this conjecture, it is important to

t:izpi—lzijqj—l, | ()
and . ,

n 2 P y 2 -\9;

;) -1

In this paper, we give a complete characterization of such KF-complexes. The
proof is based on the existence of solutions of the above system of diophantine
equations (3) and (4) which can have, in our opinion, independent interest.

I. Consider the following system of diophantine equations:

r n

Dig, = ip, IR )

r (i b r (2§ % i
H(zlj :U(;I) ©)

" havi.ng r<nand p,, # 0. By making the substitutions

pi—q, fori=1....r,
X =
o for i=r+1,...,n

@)

the system becomes
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iix,. =0 | ®)
I""[(Z_T -1 ©)

i=1 1
where x, # 0. Our result is
Theorem 1.
The system of diophantine equations (8) and (9) has an integer solution if and
only if n#5 or 2n-1 is not prime.

Proof. It is clear that the system has no solutions forn = 1 orn = 2. Indeed, for
n = 1, equation (8) implies x, = 0, while for n = 2 equation (9) implies

2\ (4N L
1= =253
1) (2) |

which leads to x; = x; = 0. From now on, we assume that n>3.
For every positive integer i and every prime number p let

e, =ord, ((2:)] (10)

It is well-known that if k is any positive integer and p is any prime, then
k-o, (%)
p-1
where o, (k) is the sum of the digits of k written in base p. In particular, for-

ord, (k!)=

b

mula (10) implies that

_20,(7)-0,(2)
€ = po1 :

117 o
. i=1 1 . K
is less than or equal to 2n. With these remarks, it follows that equation (9) is
equivalent to the linear homogeneous system

(1)

Notice that every prime divisor of

e, x =0 for all p<2n V - 12)
i=] LY

When 2n — 1 = ¢ is a prime, then ¢,, =0 foralli<nbute, =1. Hence, the

last equation (12) in this case is x, = 0 which contradicts our assumption.
Hence, a necessary condition for the existence of a solution of system of equa-
tions (8) and (9) with x, #0 is that 27— 1 is not prime.

From now on we assume that 2n — 1 is not prime.
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Notice now that the system of equations (8) and (9) is equivalent to the homo-
geneous linear system
of equations (8) and (12). This system has exactly 7:(211)+1 equations (there

are precisely n(Zn) prime numbers less than or equal to 2n and we add one for

the equation (8)) and # unknowns. We
first notice that

n(2n)+1<n
for all n=8. Indeed, if n>11 and p < 2n is prime, then
ﬂ pe{l2...2n}-({2,6. 8.....2n}L{9,15,21}),
therefore n(2n) < (Zn ~(n=1+3)=n-2 for n211). One can check directly

that this inequality holds for n e (8,9,1;0) too.

When 3<n<7 the number 2n — 1 is always prime except for n = 5. We will
show that the system of equations (8) and (12) has no solutions for # = §. In-
deed, in this case the 5 equations ce

(x, +2x, +3%, +4x, +5x, =0,

X, +x, +2x,+x, +2x, =0,

S ; x,+2x,=0, - (13)
x;+x, =0,
x,+x,=0,

where the last four equations are system (12) for pe{2,3,5, 7. It is easily seen

that system (13) is non-singular, hence x; =0 foralli = 1, ...,'5.-
This proves the necessity. For the sufficience, assume now that n>3, n#5

and 2n - 1 is not prime. In this case, # > 8. Hence, n(2n)+1<n, therefore the
system of equations (8) and (12) has more equations than solutions. In this
case, this system has a non-trivial integer solution (xl,...,x,,). We have to
show that one can find a solution with x, # 0. In order to do so, it suffices to
show that one can choose a subset /e {l,...,n—1} of cardinality n(2n)+1
such that the corresponding minor is non-zero. We claim that we can choose

I= {l, S,E—;—l for all odd Iprimes pP< Zn}
Notice that since n>8 and 27 — 1 is not prime, it follows that / does not con-
tain  n  and I has precisely n(2n)+1 elements
(5 =(9+1)/2 and 9 is not prime). If one writes the upper left six-by-six cor-
ner of the corresponding minor, this is precisely
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1 23 456

1121 2 2

0100 21 |
(14)

001100

0 001 11

0-0 00 O I ..
Because of the occurence of 0 in position (6,5) of the above matrix, it is easily
seen that one can perform elementary operations on these 6 rows is such a way
as to bring this six-by-six corner to an upper triangular form with five of the
elements on the main diagonal equal to 1 and the sixth element equal to ~1. For
the remaining part of the minor, notice that if p>13 is any prime and

k <(p+1)/2 is any positive integer, then

e =0,

pk
while '
Cploe1)2 = 1.
Hence, the minor formed with elements of / is (up to a few transformations in-
volving only the first six rows) in standard upper triangular form with all ele-
ments on the main diagonal equal to 1 except for one of them which is equal to
—1. This shows that one can solve the homogeneous system of equations
formed with the equations (8) and (12) having the unknowns (x;)_, as princi-

pal unknowns and the other ones (among which is x, too) as parameters. Each
rational choice of the parameters will give (via Kramer's rule) a rational non-
zero solution of the given system, which in turn can be lifted to an integer solu-
tion by multiplying all the unknowns with an appropriate integer (the common
denominator of all the rational components of the given solution).

II. Theorem 2.

Let B, =B*(p,...., p,) be a KF-complex with n26. Then, there exists another
KF-complex B, = B*(q,....,q,) withr < n having the same topological type as
By if and only if 2n — 1 is not prime.
Proof. We know (see corollary 1 in [7]) that the skeleton Cr! has the homo-

2i | )
topy type of a wedge of [ AIJ -copies of the i-dimensional sphere S and that

i

H,(B)=2Z,
H,(B)=...=H,,(B)=0 for k>2

and
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H (B)=2820..9Z (15)
(3

The assertion of Theorem 2 follows now from Theorem 1.
Remark. From Theorem 2, we get that the first four numbers n for which there

exists a different KF-complex B, = B(gq,,...,q,) with 7 < n of the same topo-
logical type as B are n = 8, 11, 13, 14 (compare with remark 1 in [8]).
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