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Â ðàáîòå ðåøàåòñÿ çàäà÷à óñòîé÷èâîñòè óïðóãîé ñèñòåìû ïðè

íàëè÷èè îäíîñòîðîííèõ îãðàíè÷åíèé íà ïåðåìåùåíèÿ. Ïðîáëåìû

óñòîé÷èâîñòè êðóãîâûõ àðîê, íàõîäÿùèõñÿ ïîä äåéñòâèåì ðàâíî-

ìåðíîãî äàâëåíèÿ ðàíåå áûëè ðàññìîòðåíû â ðàáîòàõ Å.Ë. Íèêî-

ëàè, À.Í. Äèííèêà è äðóãèõ àâòîðîâ. Â äàííîé ðàáîòå ðàññìàò-

ðèâàþòñÿ ïðîáëåìû óñòîé÷èâîñòè êðóãîâûõ àðîê, ïîäêðåïëåííûõ

íåðàñòÿæèìûìè íèòÿìè, êîòîðûå íå âûäåðæèâàþò ñæèìàþùèõ

óñèëèé, ïðè ãðàíè÷íûõ óñëîâèÿõ øàðíèðíîãî îïèðàíèÿ. Îáà êîí-

öà íèòè ïðèêðåïëåíû ê îñè àðêè, òàê, ÷òî ðàññòîÿíèå ìåæäó òî÷-

êàìè ïðèêðåïëåíèÿ â ðåçóëüòàòå äåôîðìàöèè íå ìîæåò óâåëè÷èò-

ñÿ. Äàííàÿ çàäà÷à ñâîäèòñÿ ê íàõîæäåíèþ è èññëåäîâàíèþ òî÷åê

áèôóðêàöèè ðåøåíèé íåêîòîðîé çàäà÷è íåëèíåéíîãî ïðîãðàììè-

ðîâàíèÿ.

Êëþ÷åâûå ñëîâà: àðêà, óñòîé÷èâîñòü, ïîäêðåïëåíèå íèòÿìè, øàð-

íèðíîå îïèðàíèå, ñïëàéí, âàðèàöèîííàÿ çàäà÷à, îäíîñòîðîííèå

îãðàíè÷åíèÿ.

Ïîñòàíîâêà çàäà÷è

Ïóñòü îñü àðêè â íåäåôîðìèðîâàííîì ñîñòîÿíèè ÿâëÿåòñÿ äóãîé êðó-

ãà ðàäèóñà R, öåíòð ýòîãî êðóãà îáîçíà÷èì ÷åðåç O. Àðêà íàõîäèòñÿ ïîä

äåéñòâèåì ðàâíîìåðíî ðàñïðåäåë¼ííîãî äàâëåíèÿ P .
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Ðèñ. 1. Ñõåìà ïîäêðåïëåíèÿ

àðêè

Öåíòðàëüíûé óãîë, ñîîòâåòñòâóþùèé äó-

ãå àðêè, îáîçíà÷èì ÷åðåç ϑ, 0 ≤ ϑ ≤ α.

Öåíòðîì àðêè O ÿâëÿåòñÿ öåíòð îêðóæ-

íîñòè, äóãîé êîòîðîé îíà ÿâëÿåòñÿ. Óðàâ-

íåíèÿ íåäåôîðìèðîâàííîé îñè àðêè èìå-

þò âèäx = R cos(ϑ),

y = R sin(ϑ).
ϑ ∈ [0, α]

Îáîçíà÷èì ÷åðåç ξ = (− cos(ϑ),− sin(ϑ)) � íîðìàëü, η = (− sin(ϑ) ,

cos(ϑ)) � êàñàòåëüíûé âåêòîð. Ïåðåìåùåíèå òî÷åê àðêè â ðåçóëüòàòå

ïëîñêîé äåôîðìàöèè îïèñûâàþòñÿ óðàâíåíèåì:

W = u(ϑ)ξ + w(ϑ)η. (1)

Çäåñü ïîä u ïðèíèìàåòñÿ íîðìàëüíîå ïåðåìåùåíèå òî÷åê àðêè, à ïîä

w � òàíãåíöèàëüíîå ïåðåìåùåíèå òî÷åê àðêè (ðèñ. 1).

Òîãäà äåêàðòîâû êîîðäèíàòû äåôîðìèðîâàííîé àðêè îïèñûâàþòñÿ

óðàâíåíèÿìè x = (R− u) cos(ϑ)− w sin(ϑ),

y = (R− u) sin(ϑ) + w cos(ϑ).

Îáîçíà÷èì ïîñëå äåôîðìàöèè íîðìàëüíûé è êàñàòåëüíûé âåêòîðû

ê óïðóãîé ëèíèè ÷åðåç ξ∗, η∗. Âåêòîðû ξ, η ìîãóò áûòü ïåðåâåäåíû â

âåêòîðû ξ∗, η∗ ïóòåì ïîâîðîòà íà óãîë β.

Ïðåäïîëàãàÿ, ÷òî ïåðåìåùåíèÿ ÿâëÿþòñÿ ìàëûìè, ìîæíî çàïè-

ñàòü [1; 2]

β =
1

R

(
du

dϑ
+ w

)
, (2)

a èçìåíåíèå êðèâèçíû äóãè àðêè îïðåäåëÿåòñÿ ôîðìóëîé

δq =
1

R

(
d2u

dϑ2
+
dw

dϑ

)
.

Êðîìå òîãî, âûïîëíåíî óñëîâèå íåñæèìàåìîñòè:

u = w′. (3)
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Ýíåðãèÿ óïðóãîé äåôîðìàöèè àðêè c ó÷åòîì óñëîâèÿ íåñæèìàåìîñòè

â êâàäðàòè÷íîì ïðèáëèæåíèè îïðåäåëÿåòñÿ ôîðìóëîé:

U =
B

2R3

∫ α

0

δq2dϑ =
B

2R3

∫ α

0

(
d2u

dϑ2
+ u

)2

dϑ, (4)

à ðàáîòà âíåøíèõ ñèë ìîæåò áûòü âû÷èñëåíà ïî ôîðìóëå:

V =
P

2

∫ α

0

(
u′

2 − ku2
)
dϑ, (5)

ãäå ïàðàìåòð k îòâå÷àåò çà íàïðàâëåíèå äåéñòâóþùåé íàãðóçêè:

k = 1 � äàâëåíèå P âñåãäà íàïðàâëåíî ïî íîðìàëè ê äåôîðìèðîâàííîé

îñè àðêè (ñèëû íîðìàëüíîãî äàâëåíèÿ), k = 2 � äàâëåíèå P íàïðàâëåíî

ê íåïîäâèæíîìó öåíòðó îêðóæíîñòè O (öåíòðàëüíûå ñèëû).

Ïðåäïîëîæèì, ÷òî àðêà ïîäêðåïëåíà àáñîëþòíî æåñòêèìè ðàñòÿæ-

êàìè (íèòÿìè), ÷èñëî êîòîðûõ îáîçíà÷èì ÷åðåçM. Îäèí êîíåö êàæäîé

ðàñòÿæêè ïðèêðåïëåí ê òî÷êå àðêè, ñîîòâåòñòâóþùåé óãëó ϑ = ε1j ,

à âòîðîé � ϑ = ε2j , j ∈ 1 : M . Ïåðåìåùåíèÿ òî÷åê àðêè â òî÷êàõ

ïðèêðåïëåíèÿ íèòåé îáîçíà÷èì ÷åðåç

uij = u(εij) , wij = w(εij) , i = 1, 2 , j ∈ 1 :M .

Ïðåäïîëàãàåòñÿ, ÷òî íèòè íå âûäåðæèâàþò ñæèìàþùèõ óñèëèé è

ðàññòîÿíèå ìåæäó òî÷êàìè ïðèêðåïëåíèÿ íèòè íå ìîæåò óâåëè÷èâàòü-

ñÿ. Ðàññòîÿíèå ìåæäó òî÷êàìè ïðèêðåïëåíèÿ j-é íèòè îïðåäåëÿåòñÿ

ôîðìóëîé

ρ(u1j, u2j, w1j, w2j) =
√

(x1j − x2j)2 + (y1j − y2j)2, (6)

ãäå xij = (R− uij) cos(εij)− wij sin(εij),

yij = (R− uij) sin(εij) + wij cos(εij), i = 1, 2, j ∈ 1..M.

Èçìåíåíèå ðàññòîÿíèÿ ìåæäó òî÷êàìè ïðèêðåïëåíèÿ íèòè ðàâíî:

ρ∗j = ρ(u1j, u2j, w1j, w2j)− ρ0,
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ãäå αj = ε2j − ε1j, ρ0 = ρ(0, 0, 0, 0) = 2R sin

(
αj

2

)
.

Èñïîëüçóÿ ðàçëîæåíèå â ðÿä Òåéëîðà ñ òî÷íîñòüþ äî ÷ëåíîâ âòîðîãî

ïîðÿäêà ìàëîñòè, ïîëó÷àåì

δρ =
1

ρ0
(u1j(cosαj − 1) + u2j(cosαj − 1)− w1j sinαj + w2j sinαj). (7)

Çàäà÷à óñòîé÷èâîñòè àðêè ïðè óñëîâèè, ÷òî ðàññòîÿíèå ìåæäó òî÷-

êàìè ïðèêðåïëåíèÿ íèòè íå ìîæåò óâåëè÷èâàòüñÿ, ôîðìóëèðóåòñÿ ñëå-

äóþùèì îáðàçîì: íàéòè ìèíèìàëüíîå çíà÷åíèå íàãðóçêè P , ïðè êîòî-

ðîé âàðèàöèîííàÿ çàäà÷à

J = U − V =
B

2R3

∫ α

0

(
d2u

dϑ2
+ u

)2

dϑ− P

2

∫ α

0

(
u′

2 − ku2
)
dϑ→ min

u
(8)

ïðè îãðàíè÷åíèÿõ

(u1j(cosαj − 1) + u2j(cosαj − 1)− w1j sinαj + w2j sinαj) ≤ 0, j ∈ 1 :M

(9)

èìååò íåòðèâèàëüíîå ðåøåíèå.

Äëÿ îïðåäåëåííîñòè ïðåäïîëîæèì, ÷òî âûïîëíåíû ãðàíè÷íûå óñëî-

âèÿ øàðíèðíîãî îïèðàíèÿ:

u = 0, w = 0, β′ =
dβ

dϑ
= 0 ïðè ϑ = 0, α. (10)

×èñëåííûé ìåòîä

Äëÿ îïðåäåëåíèÿ ïåðåìåùåíèé èñïîëüçóåì àïïðîêñèìàöèþ èíòåð-

ïîëÿöèîííûìè êóáè÷åñêèìè ñïëàéíàìè âèäà [3]:

S(z, ϑ) = zi(1− t)2(1 + 2t) + zi+1t
2(3− 2t)+

+miht(1− t)2 −mi+1ht
2(1− t), (11)

ãäå

mi = S ′(z, ϑi), i = 0, ..., N,
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h = ϑi+1 − ϑi, t = (ϑ− ϑi)/h,

z1i = ui, � åñëè àïïðîêñèìèðóåòñÿ ïðîãèá u,

z2i = wi, � åñëè èíòåðïîëèðóåòñÿ ôóíêöèÿ w.

Óñëîâèå íåïðåðûâíîñòè âòîðîé ïðîèçâîäíîé çàïèñûâàåòñÿ â âèäå [3]:

2m0 + µ∗
0m1 = c∗0,

λimi−1 + 2mi + µimi+1 = ci i = 1, ..., N − 1 (12)

λ∗NmN−1 + 2mN = c∗N ,

ïðè÷åì

ci = 3

(
µi
zi+1 − zi

h
+ λi

zi − zi−1

h

)
,

µi = λi = 0, 5.

Çäåñü äëÿ ãðàíè÷íûõ óñëîâèé øàðíèðíîãî îïèðàíèÿ

µ∗
0 = λ∗N = 1, c∗0 = 3

z1
h
, c∗N = −3zN−1

h
.

Âûïèøåì ìàòðèöû êîýôôèöèåíòîâ äëÿ óðàâíåíèé (12):

C =
1

2



3.5 1 0 0 ... 0 0 0

1 4 1 0 ... 0 0 0

0 1 4 1 ... 0 0 0

...

0 0 0 0 ... 1 4 1

0 0 0 0 ... 0 1 3.5


,

M =
3

2h



−0.5 1 0 0 ... 0 0 0

−1 0 1 0 ... 0 0 0

0 −1 0 1 ... 0 0 0

...

0 0 0 0 ... −1 0 1

0 0 0 0 ... 0 −1 0.5


.
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Âû÷èñëèì âåêòîð m = (m1,m2, ...,mN)
T :

m = C−1Mz1.

Ñòîèò îòìåòèòü, ÷òî äëÿ ôóíêöèè w ìàòðèöû âû÷èñëÿþòñÿ èñõîäÿ

èç ãðàíè÷íûõ óñëîâèé æåñòêîé çàäåëêè:

Cw =
1

2



4 1 0 0 ... 0 0 0

1 4 1 0 ... 0 0 0

0 1 4 1 ... 0 0 0

...

0 0 0 0 ... 1 4 1

0 0 0 0 ... 0 1 4


,

Mw =
3

2h



0 1 0 0 ... 0 0 0

−1 0 1 0 ... 0 0 0

0 −1 0 1 ... 0 0 0

...

0 0 0 0 ... −1 0 1

0 0 0 0 ... 0 −1 0


,

òàê êàê íåòðóäíî ïîêàçàòü, ÷òî èç ãðàíè÷íûõ óñëîâèé (10) è óñëîâèÿ

íåñæèìàåìîñòè (3) ñëåäóåò:

u = 0, u′′ = 0,

w = 0, w′ = 0

ïðè ϑ ∈ (0, α).

Äëÿ òîãî ÷òîáû ó÷åñòü óñëîâèå íåñæèìàåìîñòè (3), ââåäåì øòðàô-

íóþ ôóíêöèþ:

F =
D

2

∫ α

0

(
u− w′

)2

dϑ,

ãäå D � äîñòàòî÷íî áîëüøîå ÷èñëî, êîòîðîå îïðåäåëÿåòñÿ îïûòíûì ïó-

òåì â ÷èñëåííûõ ýêñïåðèìåíòàõ.
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Ïðèíèìàÿ âî âíèìàíèå ïîñëåäíåå, ôóíêöèîíàë (8) ñëåäóåò çàïèñàòü

â âèäå:

J =
B

2R3

∫ α

0

(
d2u

dϑ2
+ u

)2

dϑ− P

2

∫ α

0

(
u′

2 − ku2
)
dϑ+

D

2

∫ α

0

(
u− w′

)2

dϑ.

(13)

Ïîñëå ïîäñòàíîâêè (11) â (13), ïîëó÷àåì äâå êâàäðàòè÷íûå ôîðìû:

g =
B

2R3

∫ α

0

(
d2S

dϑ2
+ S

)2

dϑ+
D

2

∫ α

0

(
S − S̃ ′

)2

dϑ =
1

2
(Gz, z),

q =
P

2

∫ α

0

(
S ′2 − kS2

)
dϑ =

1

2
(Qz, z).

Äëÿ âû÷èñëåíèÿ êîýôôèöèåíòîâ êâàäðàòè÷íûõ ôîðì íåîáõîäèìî

âû÷èñëèòü ñëåäóþùèå èíòåãðàëû:

1. Èíòåãðàë îò êâàäðàòà ñïëàéíà:∫ α

0

S2(t)dt = h
N−1∑
i=0

(
11

105
zimih−

13

210
zimi+1h+

13

210
mihzi+1 −

1

70
mih

2mi+1−

− 11

105
zi+1mi+1h+

13

35
z2i +

1

105
m2

ih
2 +

9

35
zizi+1 +

13

35
z2i+1 +

1

105
m2

i+1h
2

)
.

2. Èíòåãðàë îò êâàäðàòà ïåðâîé ïðîèçâîäíîé:∫ α

0

S ′2(t)dt =
1

5h

N−1∑
i=0

(
zimih+ zimi+1h−mihzi+1 −

1

3
mih

2mi+1−

−zi+1mi+1h+ 6z2i +
2

3
m2

ih
2 − 12zizi+1 + 6 · z2i+1 +

2

3
m2

i+1h
2

)
.

3. Èíòåãðàë îò êâàäðàòà âòîðîé ïðîèçâîäíîé:∫ α

0

S ′′2(t)dt =
1

h3

N−1∑
i=0

(
12z2i + 12zimi+1h− 24zizi+1 + 12zimih−

−12zi+1mi+1h+ 4mih
2mi+1 + 4m2

i+1h
2 + 12z2i+1 − 12mihzi+1+

+4m2
ih

2
)
.
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4. Èíòåãðàë îò ïðîèçâåäåíèÿ âòîðîé ïðîèçâîäíîé è ñïëàéíà:∫ α

0

S ′′(t) · S̃(t)dt = 1

10

N−1∑
i=0

(
f̃i+1mih− m̃ihzi+1 − f̃imih+ m̃ihzi−

−m̃i+1hzi − f̃i+1mi+1h+ f̃imi+1h+
1

6
m̃ih

2mi+1 + m̃i+1hzi+1−

−1

6
m̃i+1h

2mi + 5f̃i+1zi + 5f̃i+1zi+1 − 5f̃izi − 5f̃izi+1

)
.

Ââåäåì âåêòîð z = (z1, z2).

Ïðèõîäèì ê êîíå÷íîìåðíîé çàäà÷å îïòèìèçàöèè:

g(φ) =
1

2
(Gz, z)→ min

φ
(14)

q(φ) =
1

2
(Qz, z) = 1, (15)

(aj, z) ≤ 0, j ∈ 1..M. (16)

Êâàäðàòè÷íûå ôîðìû g(z) è q(z) ïîëîæèòåëüíî îïðåäåëåíû, åñëè

α < π.

Îáîçíà÷èì ÷åðåç Γ êîíóñ, îïðåäåëÿåìûé íåðàâåíñòâàìè (16).

Ïóñòü z∗ � ðåøåíèå çàäà÷è (14)�(16). Òîãäà ïî òåîðåìå Êóíà � Òàê-

êåðà íàéäóòñÿ ìíîæèòåëè Ëàãðàíæà λ∗ è τj, τj ≥ 0, j ∈ 1..M , òàêèå,

÷òî Gz∗ − λ∗Qz∗ +
∑M

j=1 τjaj = 0,

τj(aj, z) = 0, j ∈ 1..M + 2.
(17)

Ó ñèñòåìû óðàâíåíèé (17) åñòü íåîáõîäèìûå óñëîâèÿ ýêñòðåìóìà, íî

òàê êàê çàäà÷à (14)�(16) íå ÿâëÿåòñÿ âûïóêëîé, òî ýòè óñëîâèÿ íå ÿâëÿ-

þòñÿ äîñòàòî÷íûìè. Òî÷êè z∗, óäîâëåòâîðÿþùèå (17), áóäåì íàçûâàòü

ñòàöèîíàðíûìè.

Äëÿ ðåøåíèÿ çàäà÷è (17) íåîáõîäèìî ïðèìåíÿòü ìåòîäû ãëîáàëüíîé

îïòèìèçàöèè, íàïðèìåð ìåòîä âåòâåé è ãðàíèö [4; 5], ÷èñëî ïåðåìåííûõ

ìîæåò áûòü âåëèêî, à â äàííîì ñëó÷àå òðóäîåìêîñòü ìåòîäà âåòâåé è

ãðàíèö îïðåäåëÿåòñÿ ðàçìåðíîñòüþ çàäà÷è.
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Ñôîðìóëèðóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äëÿ ïîèñêà

ñòàöèîíàðíûõ òî÷åê.

Ïóñòü z0 ∈ Γ , q(z0) = 1 � íà÷àëüíîå ïðèáëèæåíèå. Ïóñòü óæå ïî-

ëó÷åíà òî÷êà zk ∈ Γ, q(zk) = 1, è ÷èñëî λk. Ââåäåì â ðàññìîòðåíèå

ìíîæåñòâî

Ωk = {z ∈ Γ :

(
∂q(zk)

∂z
, z − zk

)
= 0}.

Ïóñòü ψk+1 � åñòü ðåøåíèå çàäà÷è ìèíèìèçàöèè

g(ψk+1) = min
φ∈Ωk

g(z). (18)

Òîãäà zk+1 =
1

sk+1
ψk+1, ãäå sk+1 =

√
g(ψk+1).

Â òî÷êå ψk+1 âûïîëíåíû óñëîâèÿ òåîðåìû Êóíà � Òàêêåðà:Gψk+1 − λk+1Qzk +
∑M

j=1 τ̃jaj = 0,

τ̃j(aj, ψk+1) = 0, j ∈ 1..M + 2.
(19)

Çàäà÷à (18) ÿâëÿåòñÿ çàäà÷åé âûïóêëîãî êâàäðàòè÷íîãî ïðîãðàì-

ìèðîâàíèÿ è ìîæåò áûòü ðåøåíà çà êîíå÷íîå ÷èñëî øàãîâ (ïîäîáíî

çàäà÷àì ëèíåéíîãî ïðîãðàììèðîâàíèÿ).

Ìîæíî ïîêàçàòü, ÷òî ëþáàÿ ïðåäåëüíàÿ òî÷êà ïîñëåäîâàòåëüíîñòè

zk ÿâëÿåòñÿ ñòàöèîíàðíîé [6], òî åñòü åñëè zkt → z∗, òî è λkt → λ∗, è z∗

óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû Êóíà � Òàêêåðà è ïðè ýòîì ïîñëåäî-

âàòåëüíîñòü λk ìîíîòîííî óáûâàåò.

Ââåäåì ôóíêöèþ

f(z) = g(z)− λ∗q(z) =
1

2
(Q̃z, z),

ãäå Q̃ = G − λ∗Q. Åñëè ìàòðèöà Q̃ îêàæåòñÿ óñëîâíî ïîëîæèòåëüíî

îïðåäåëåííîé íà êîíóñå Γ, òî z∗�ðåøåíèå çàäà÷è (14)�(16).

Ðåçóëüòàòû ðàñ÷åòîâ. Â òàáëèöå ïðåäñòàâëåíû çíà÷åíèÿ êðèòè-

÷åñêîãî äàâëåíèÿ PR3

B
â çàâèñèìîñòè îò ÷èñëà ðàñòÿæåê äëÿ ãðàíè÷íûõ

óñëîâèé øàðíèðíîãî îïèðàíèÿ ïðè α = π, k = 1 (íîðìàëüíàÿ íàãðóçêà),

k = 2 (öåíòðàëüíûå ñèëû).
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Ðèñ. 2. Ôîðìà ðàâíîâåñèÿ

íåïîäêðåïëåííîé àðêè, íàõî-

äÿùåéñÿ ïîä äåéñòâèåì íîð-

ìàëüíîé íàãðóçêè

Ðèñ. 3. Ôîðìà ðàâíîâåñèÿ àðêè, íà-

õîäÿùåéñÿ ïîä äåéñòâèåì íîðìàëü-

íîé íàãðóçêè, ïîäêðåïëåííîé ÷åòûðü-

ìÿ íåðàñòÿæèìûìè íèòÿìè ïîñëå ïî-

òåðè óñòîé÷èâîñòè

Òàáëèöà

Çíà÷åíèÿ êðèòè÷åñêîãî äàâëåíèÿ

M 3 4 5 6 7 8 0

α = π, k = 1 5.53 6.72 6.62 9.78 10.47 12.37 3.00

α = π, k = 2 7.75 9.64 9.53 10.34 15.31 18.01 4.50

α = 2π
3
k = 1 14.43 17.94 17.66 24.20 25.38 28.00 8.00

α = 2π
3
k = 2 16.14 19.92 27.43 28.80 30.47 32.46 9.20

α = π/2, k = 1 26.87 33.6 33.16 44.51 46.44 51.74 15.02

α = π/2, k = 2 28.47 35.74 35.26 47.48 49.57 55.23 16.16

Ðåçóëüòàòû âû÷èñëåíèé äëÿ íåïîäêðåïëåííûõ àðîê (M=0) ñ òî÷íî-

ñòüþ äî 3 çíàêîâ ñîâïàäàþò ñ ðåçóëüòàòàìè, ïîëó÷åííûìè â [2].

Íà ãðàôèêàõ ïðåäñòàâëåíû ôîðìû ðàâíîâåñèÿ àðîê, ñîîòâåòñòâó-

þùèå ìèíèìàëüíûì êðèòè÷åñêèì ñèëàì, ïîëó÷åííûå ïðè ñëåäóþùèõ

ïàðàìåòðàõ: α = π
2
, b = 2, M = 0 (äëÿ ðèñ. 2) è M = 4 (äëÿ ðèñ. 3).
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Summary

Mikhailov A. V., Tarasov V. N. The stability of the reinforced arches

under the boundary conditions of the hinged support

The paper solves problem of stability of elastic systems in the presence

of one-sided constraints on displacement. The stability problems of circular

arches under uniform pressure were previously discussed in the works of

E. L. Nikolai, A. N. Dinnik and other authors. This paper discusses the

stability problems of circular arches, supported by inextensible threads that
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do not withstand the compressive forces under the boundary conditions of

hinged support. Both ends of the thread are attached to the axis of the

arch, so that the distance between the points of attachment as a result

of the deformation cannot increase. This problem is reduced to �nding

and studying the bifurcation points of solutions of a certain nonlinear

programming problem.

Keywords: arch, stability, support by threads, hinged edge, spline, variational

problem, one-sided constraints.
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